The electrostatic interaction of metal nanoparticles with viruses is attracting great interest due to their antiviral activity and their role in enhancing the detection of viruses at ultra-low concentrations. We model the MS2 virus devoid of its single strand RNA core using a core-shell model. The dependence of the inner and outer surface charge density on the pH is taken into account in our model of the interaction. Varying the pH causes a change in the sign of the outer surface charge leading to the attractive-repulsive transition in the electrostatic interaction between the MS2 virus and metal nanoparticle at pH = 4.
I. INTRODUCTION
A significant increase in morbidity and mortality attributed to viral pathogens has sustained a worldwide pursuit in the investigation of viruses. For instance, the World Health Organization ranked lower respiratory infections to be one of the top 10 leading causes of death, taking over 3 million lives in 2016 [1] . Although vaccines and/or antiviral drugs have been developed to inhibit viral replication or propagation for various viral species over the past century, genetic mutations inevitably occur which may result in treatment resistant strains of pathogenic viruses. Some viruses, called bacteriophages, infect bacterial cells instead of human cells and can safely be used to treat bacterial infections. Bacteriophages, such as the MS2, PRD1 and φX174 viruses, have been widely exploited to study properties [2] [3] [4] [5] [6] [7] and behaviors of viruses at ultra-low concentrations, under which they are hard to be detected. Scientists in Ref. [2] [3] [4] [5] [6] [7] have investigated (i) dependence of virus or/of virus-like particle aggregation on pH and salinity, (ii) applicability of standard Derjaguin-Landau-Verwey-Overbeek (DLVO) theory for viruses, and (iii) various peculiar features of electrokinetics of viruses. A thorough understanding of bacteriophages is important for proposing appropriate medical treatments and for environmental applications.
Recent applications of metal nanostructures in biology and medicine have demonstrated the potential for nanotechnology to revolutionize these fields. For example, the presence of gold nanoshells significantly amplifies the signal in the micro-spherical whispering gallery mode * Electronic address: anh.phanduc@phenikaa-uni.edu.vn of the MS2 virus and shifts the resonance microcavity wavelength [8] . Gold nanoparticles have also been used to improve the detection of the hepatitis B virus and to quantify its concentration [9] . Virus detection is possible by high-resolution imaging performed by the sharp metal probe of a scanning tunneling microscope (STM) [10] . Recently, scientists have employed silver nanoparticles to inhibit the HIV-1 virus from binding to its host cells [11] , and to inhibit hepatitis B virus replication [12] . Howver, when metal nanoparticles having a virucidal effect conjugate with bacteriophages for antimicrobial activity, the selected bacteriophages could be inactive antibacterial agents. Their mutual interaction may be fundamental for the development of future applications.
A theoretical approach for investigating soft particles, including bacteria and viruses, based on the PoissonBoltzmann equations was introduced by Ohshima for the first time in 1994 [13] . The results of this approach are qualitatively and quantitatively in good agreement with experiments [14] [15] [16] . When soft particles are immersed in electrolyte solutions, the theory gives us predictions of their electrostatics and electrokinetics. Using the predicted electrostatics, one can estimate electrostatic interactions between two particles [18, 19] . Duval et. al [2] developed a generic theory for the evaluation of electrostatic interactions between soft particles that possibly consist of successive layers defined by distinct electrostatic, structural and protolytic properties. This theory overcomes some of the limitations of the original formulations by Ohshima, and it does not suffer from the Deryagin and Debye-Hckel approximations, classically assumed in literature and inapplicable for moderate to highly charged particles who size is comparable to Debye layer thickness. The approximate Ohshima's model has been reported to provide qualitative interpretation of experimental data [15, 17] . In 2013, Phan et. al [14] proposed a core-shell structure for a soft particle associated with some extensions of the Ohshima theory to describe the bacteriophage MS2 virus. This extended the earlier arXiv:1905.10567v1 [cond-mat.soft] 25 May 2019 work of Nguyen and her coworkers [20] . In Phan's model, soft particles consist of a charged hard core having a fixed volume charge density surrounded by a charged outer layer. Despite of the fact that the calculations agree qualitatively well with experimental results [20] and Phan's virus model was subsequently refined over several years [21] [22] [23] [24] [25] , the MS2 virus model ignores the inner and outer surface charges.
In this paper, we investigate the electrostatic interaction of a metal nanoparticle with the MS2 virus. Our virus has no RNA core but effects of surface charges on the electrostatic force are considered. Since the surface charge densities were experimentally proved to be strongly dependent on solution pH [26] , we determine variations of the electrostatic interactions with pH.
II. THEORETICAL BACKGROUND
In this section we describe and analyze our model of the electrostatic interaction between a metal tip and a MS2 virus immersed in an electrolyte solution as depicted in Fig. 1 . The virus are modelled by a core-shell model. In most viruses, the core of a virus contains DNA or RNA and is encapsulated by a viral protein layer, called the capsid. In our work, we consider the MS2 virus without a RNA core in order to match the conditions and use the computed charges from a prior work [26] . The electric interaction is strongly dependent on the surface potentials on the two objects. Knowing the electrostatic potential when these species are isolated from each other is a key to approximating the force of the interaction. 
A. Electrostatic potential profile of an isolated metal tip
We consider a spherical tip possessing a radius R M = 15 nm and a surface charge density σ M = −0.0025
2 ) [15] . The electric potential distribution of the metal tip obeys the linearized Poisson-Boltzmann (PB) equations
where r is the radial distance to the center of the tip, ε r is the permittivity of the aqueous solution, ε 0 is the vacuum permittivity, κ 2 = 2z 2 e 2 n/ε r ε 0 k B T is the Debye-Hückel parameter [27] , k B is the Boltzmann constant, T is an ambient temperature, and z and n are the ionic valence and the ion concentration in solution, respectively. Solving Eq.(1) gives
Recall that our calculations are valid within the DebyeHückel approximation which assumes a low potential. When the condition of this approximation is violated, the PB equation becomes non-linear, then one can use the approach proposed by Duval et. al [2] to yield better quantitative predictions. Duval's approach is applicable to soft particles having any size and captures strong effects of particle surface curvature on electric field distribution and on electrostatic interaction energy.
B. Electrostatic potential profile of an isolated MS2 virus
The MS2 virus is modeled as a core-shell soft sphere, which has an inner radius R 1 = 10.5 nm and an outer radius R 2 = 14 nm [14, 20] . The soft particle is devoid of its single strand RNA core. We assume that the protein shell contains channels allowing free ion exchange between the interior and exterior of the capsid, while free charges are prohibited in the capsid region. The assumptions have been used in many prior literatures [28] [29] [30] . The linearized Poisson-Boltzmann (PB) equations and boundary conditions for the MS2 virus are [28, 29] 
where r is the radial distance to the center of the virus, σ 1 and σ 2 are the surface charge density of inner and outer surfaces, respectively, and ε p ≈ 5 is the dielectric constant of the capsid. In the calculations, dielectric permittivities in the inner and outer components of the virus-like particle are supposed to be indential. The general solutions for the above PB equations are
The coefficients A, B, C, and D in Eq. (4) are found by satisfying the two boundary conditions in Eq.(3).
The temperature-and concentration-dependent permittivity of the solvent is given by [31] 
where c is the ionic strength of the solution. The experiments on the MS2 virus of Ref. [26] were carried out at T = 293 K. We use the same conditions in our calculations.
C. Interactions of the metal sphere with the MS2 virus
Approximating to the leading order, the electrostatic free energy between the metal sphere and the virus has been intensively studied and can be expressed via the unperturbed surface potential [19] ,
where R is their center-to-center distance. From Eq.(6), one can calculate the force of the interaction,
III. NUMERICAL RESULTS AND DISCUSSION Figure 2 shows the dependence of the surface charge density for the inner and outer surfaces on pH. The data is obtained from analyzing Protein Data Bank (PDB) of the virus capsids in Ref. [26] . Armanious and his coworkers [26] reported the calculated charges of whole capsids and outer capsid surfaces as a function of pH. For simplification purpose, we simply subtract these two charge densities to find the inner surface charge density. The spatial dependence of the structural charges of the capsid is supposed to be the step-like function. Note that in a prior work [3] , Langlet and coworkers developed a theoretical description for the spatial distribution of local volume charge density on particle radial position with adopting a tanh-like function (derived from cryoEM data). Clearly, our assumption is quite consistent with Langlet's calculations but our derivation remains less realistic as it ignores the spatial dependence of the density of ionogenic groups that are carried by the proteinaceous backbone of the virus-like particles. The pH dependence of σ 1 and sigma 2 can be fitted using While the outer surface charge density of the virus capsid changes from a positive value to a negative value as increasing pH, the inner surface charge density is positive over the considered range of pH. Remarkably, above a pH of 5 the surface charge density for the inner surface is essentially insensitive to pH. The pH-dependent variations of σ 1 and σ 2 are qualitatively, not quantitatively, similar to prior study [30] . In Ref. [30] , Podgornik and his coworkers also used PDB inputs to study the effects of pH on surface charge densities of the virus capsid. Additionally, several previous experiments [16, 20] proved that the presence of the RNA core in the MS2 virus hardly modifies the effective net surface charge. These findings suggest that in the pH range from 5 to 8 the outer surface charge density is fully responsible for the variations of the surface electrostatic potential of viruses, whether they have an RNA core or none.
The electrostatic potentials as a function of distance from the virus center at several pH values at the salt concentration of 10 and 100 mM are shown in Fig. 3 . Since the positive charge is localized on the inner surface of the virus capsid, the electrostatic potential is positive inside the virus. However, at low pH (≤ 4), the positive charge on the outer surface leads to the positive potential profile outside the virus. When the pH increases (> 4), the outer surface charge becomes negative, and thus the electrostatic potential reverses to negative values. Although the calculated values of eΨ(r)/k B T in Fig. 3 are relatively large and thus the accuracy of the theoretical prediction is quantitatively reduced, it can be exploited to qualitatively explain experimental observations. In many previous studies [4] [5] [6] [7] , MS2-virus like particles begin to aggregate at at pH ≤ 4. The finding suggest the electrostatic forces experience a replusive-toattractive transition at pH = 4. At a given pH, a salt concentration increase leads to a decrease of ε r and a decay length, 1/κ, of the electrostatic potentials. Consequently, both the exponential decay range and the mag- 
FIG. 2: (Color online)
The pH-dependent surface charge density of the MS2 virus in absence of the RNA core. Data points derived from the analysis in Ref. [26] . Lines correspond to the fit functions.
nitude of the potential at c = 100 mM are significantly reduced in comparison with those at c = 10 mM. This is a reason why we see the size of MS2-like virus particles aggregation at c = 100 mM much less than that at c = 10 mM [5, 6] . Authors in Ref. [5] revealed that the stability of MS2-like virus particles against aggregation at c = 10 mM is strongly dependent on purification process in experiments. Figure 4 shows the electrostatic interaction of the MS2 virus with the metal tip at various pH values as a function of the separation distance R between two centers at the salt concentration of 10 and 100 mM. As can be expected from the change in the sign of the outer surface charge of the virus, a transition occurs in the electrostatic interaction from repulsive to attractive. One can approximately determine the radial distribution function between viruses and a metal sphere using g(r) = e −V (r)/k B T [32] . From this, the contact number can be also estimated. Near pH = 4, the outer surface of the virus capsid is neutral and the interaction becomes hard-sphere interaction. This behavior can be exploited in various interesting applications. First, adsorption or desorption of viruses from the metal nanoparticle is a remarkable signal for detecting a change in the pH. However, the metal nanoparticle in this case is very inert to viruses. Second, laser irradiation can destroy adsorbed viruses via plasmonics-induced local heating or photothermal heating. Third, since silver nanoparticles can naturally inhibit viral replication and destroy bacteria, they have a potential to be used in therapeutic treatments that could selectively target infections in a particular location of the digestive tract. pH in human digestive tract ranges from 4.0 to 8.5. This is the region of pH studied in our work. For the targeted delivery application, the nanoparticles have to be bioconjugated with compatible biomolecules.
One can clearly observe substantial effects of salt con- centration on the electrostatic interaction in Fig. 4 when considering the same pH. In Fig. 4a , for c = 10 mM, the electrostatic energy decays significantly to zero at R ≈ 45 nm. While for larger salt concentration in the solution, the recovery range is about R ≈ 34 nm (much shorter than the dilute counterpart) as seen in Fig. 4b . Additionally, the energy amplitude at c = 100 mM is approximately reduced by a factor of 15 compared to that at c = 10 mM. Note that the electrostatic potential profile of the MS2 virus decreases by a factor of 4 as increasing salt concentration from 10 to 100 mM. One can expect the variation of salt concentration also weakens the surface potential of the metal sphere.
IV. CONCLUSIONS
We have presented our theoretical calculations for the pH-dependent electrostatic interactions between a metal tip and the MS2 virus. The MS2 virus without the RNA core is described using a core-shell model. The pH dependence of the inner and outer surface charge densities of the virus capsid has been discussed and compared to prior works. The outer surface charge was found to be fully responsible for the variations in the electrostatic interaction of the MS2 virus in absence of RNA core with the metal nanoparticle. Interestingly, the charge of the outer surface changes sign monotonically from positive to negative values at pH = 4. This leads to the repulsiveattractive transition seen at this pH.
